
4622 IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. 64, NO. 11, NOVEMBER 2017

S-Shaped I–V Characteristics of Organic Solar
Cells: Solving Mazhari’s Lumped-Parameter

Equivalent Circuit Model
Beatriz Romero, Gonzalo del Pozo, Belén Arredondo, Diego Martín-Martín, María P. Ruiz Gordoa,

Andrew Pickering, Ana Pérez-Rodríguez, Esther Barrena,
and Francisco J. García-Sánchez, Senior Member, IEEE

Abstract— We explain how to obtain closed-form analytic
solutions from the set of equations that describe the three-
diode lumped-parameter equivalent circuit model proposed
by Mazhari [1] to portray the undesirable S-shape often
observed in I–V characteristics of illuminated organic solar
cells (OSCs), and occasionally seen in other types of solar
cells. This allows quick extraction of the model’s parameter
values by directly fitting the resulting closed-form solution
to the cell’s measured I–V data. Such mathematical simpli-
fication of the extraction procedure facilitates individually
studying the effect of each parameter on the illuminated
OSC I–V characteristics, and thus on its power generation
capacity. We illustrate application of the direct extraction
procedure to measured I–V characteristics of an experimen-
tal OSC, which exhibits the illumination intensity-dependent
S-shapes. The usefulness of the analytic solution to assess
the effect of the model parameters is further corroborated
by graphically illustrating the progression of a series of
hypothetical synthetic I–V characteristics generated by this
analytic solution using gradually changing the parameter
values. Analysis of the results, in this case, indicates that
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activation of the diode that represents recombination is the
key factor responsible for the emergence of the illuminated
I–V curve’s S-shape.

Index Terms— Organic solar cell (OSC) equivalent circuit
model, S-shaped anomaly, S-shaped kink, S-shaped
I–V characteristics.

I. INTRODUCTION

ORGANIC photovoltaics offer some advantages over
traditional silicon-based solar cells, such as low cost

and low environmental impact production, lightweight, thin,
flexible, and semitransparent devices [2]. Among all available
organic solar cell (OSC) structures, the concept of bulk-
heterojunction has become popular because of its manufac-
turing ease coupled to the possibility of achieving relatively
high efficiencies [3], [4].

One important issue often encountered in OSCs is the
so-called S-shaped deformation, or kink, that sometimes
emerges near the open-circuit voltage point in the I–V curves
measured under illumination. This detrimental effect low-
ers the curve’s fill factor that results in reduced conversion
efficiency [5]–[7]. This kink’s origin has been attributed in
OSCs to various physical phenomena: charge accumulation
at the cathode interface [8], [9], presence of strong inter-
face dipoles [10], unbalanced charge transport, and interfacial
energy barriers. S-shaped I–V curves have been observed in
the cells of different materials and structures [11]–[13], as well
as in inorganic solar cells, such as PbS quantum dots [14],
CdTe [15], [16], III–V tandems [17], and graphene-silicon
Schottky barrier solar cells [18].

Equivalent circuit modeling allows simulation, analysis, and
optimization of device performance. Standard single-diode
lumped-parameter equivalent circuit models commonly used
for inorganic solar cells are also used for organic photovoltaic
devices [19], [20]. However, such simple models are unable
to reproduce by themselves, the possible presence of the
mentioned S-shaped deformation in the I–V characteristics.
Thus, the other models and modifications have been proposed
to specifically account for this undesirable feature.

A two-diode model was originally proposed by
de Castro et al. [8]. Its describing equation was later analyti-
cally solved using the Lambert-W function [21], [22]. That
model may be seen as a simplified version of the circuit shown
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Fig. 1. Lumped-parameter equivalent circuits that have been proposed
to model S-shaped I–V characteristics, by (a) F. Castro et al. [22],
(b) Zhuo et al. [23], (c) Gao et al. [14], and (d) Mazhari [1].

in Fig. 1(a) (with D3 open circuited). It includes a reverse
bias-connected diode D2, which together with an additional
shunt resistance Rp2 is responsible for producing the S-shaped
kink. This two-diode circuit has been used to model both
OSC [8] and CdTe solar cells [15]. Zhuo et al. [23] have
proposed another two-diode model, shown in Fig. 1(b),
in which an additional subcircuit, made up of the parallel
combination of forward bias diode D2 and Rp2 is connected in
series with the standard single-diode equivalent circuit model.
This added subcircuit is responsible for creating the S-shaped
kink, since its purpose is to model the Schottky junction at the
anode and donor layer interface. Gao et al. [14] proposed a
two-diode circuit model, shown in Fig. 1(c), with a diode D2
parallel connected to a photogenerated current source to
produce the roll over observed in the I–V characteristics of
quantum dot solar cells.

A third diode must be included in the equivalent circuit
model in order to reproduce the distinct additional current
upturn that at times is visible beyond the S-shaped kink.
Some three-diode circuits have been proposed to that effect.
They are: 1) García-Sánchez et al. [24] proposed a variant
of the original two-diode de Castro et al. [8] circuit, replac-
ing Rp2 by a third forward-biased diode D3 connected in
parallel with the second reverse-biased diode D2, a circuit
similar to that shown in Fig. 1(a) but without Rp2 (Rp2 is
open circuited); 2) de Castro et al. [22] proposed the same
three diode equivalent circuit model but restoring Rp2, now
connected in parallel with both D2 and D3, as shown in the
complete circuit of Fig. 1(a); and 3) a very different three-
diode equivalent circuit, shown in Fig. 1(d), was proposed
by Mazhari [1] to model the photovoltaic characteristics of
OSC in the absence of significant parasitic series and shunt
resistances.

Mazhari’s model, which is the subject of this paper, assumes
that the photogenerated current does not remain constant
from short- to open-circuit conditions. The equivalent circuit,
as shown in Fig. 1(d), includes a first diode D1, to model
the dark current (majority carrier recombination); a second
diode D2, to account for polaron recombination, a process
that is light dependent; and a third diode D3, to model
the extraction of free carriers. The two additional diodes,

D2 and D3 are connected in such a manner that they operate
in forward condition only under illumination [see Fig. 1(d)]
and are reverse-biased when the cell is not illuminated, and
thus they have no impact on the dark I–V characteristics.
The D2 recombination diode is responsible for producing the
S-shaped kink, since it decreases the extraction current.

Mazhari’s model is the simplest among the three-diode
models regarding parameters involved. It has only seven
(three reverse saturation currents, three ideality factors, and
the photogenerated current Iph), as compared to eight in the
García-Sanchez et al. [24] model, or nine in the complete
de Castro et al. [22] model.

Since it is not mathematically possible to obtain a general
analytical expression relating the terminal current and voltage,
Mazhari [1] solved a simplified version of his model shown
in Fig. 1(d) substituting D2 and D3 by resistances to simplify
tedious numerical calculations.

However, there are cases where closed-form analytic solu-
tions are possible without resorting to approximations depend-
ing on the ratio between the ideality factors of the extraction
and recombination diodes, as m/n, where m and n are the
integer’s ≤4.

The fundamental novelty of this paper is the use, for
the first time as far as we know, of an analytical closed-
form mathematical expression to easily extract and promptly
analyze the parameters of Mazhari’s equivalent circuit model.

The immediate contribution is to avoid the need for iterative
numerical solutions to express the OSC terminal variables.
This way the equivalent circuit model may be readily used
to simulate the S-shaped I–V characteristics of illuminated
OSCs. This is significant because, although numerical solu-
tions might not be particularly difficult, they are notoriously
cumbersome, time consuming, and are prone to conceal func-
tional meaning. The proposed analytical expression helps to
significantly speed up the process of fitting the model to
measured I–V data to extract the models’ parameter values.
The analytic closed-form permits to better visualize the effect
of each model parameter on the overall shape of the I–V char-
acteristics, thus facilitating the study of underlying physical
phenomena.

II. MODEL’S EQUATION SOLUTION

Fig. 1(d) shows the lumped-parameter equivalent circuit,
without series and shunt resistive losses, proposed by
Mazhari [1] to model S-shaped I–V characteristics of OSCs.
As already mentioned, this model includes two additional
diodes in the standard one-diode model: A diode D2 to repre-
sent the loss of polarons due to recombination, and a diode D3
to characterize the extraction of free carriers. Application of
Kirchhoff’s current law to the circuit of Fig. 1(d), yields

I = Id − Ie (1)

Iph = Ie + Ir = Id − I + Ir (2)

where I is the total current flowing through the circuit,
Iph is the photogenerated current, and Id , Ie, and Ir are
the dark, extraction, and recombination currents, respectively.
Substituting the standard diode I–V equations into (1), we can
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express Vint (the voltage drop across the recombination diode)
as a function of V as follows:

I = Id0(e
αd V − 1) − Ie0

[
eαe(V −Vint) − 1

]

⇒ eαeVint = [
Ie0 + Id0(e

αd V − 1) − I
]eαeV

Ie0
(3)

where Id0 and Ie0 are the reverse saturation currents of the
dark and extraction diodes, respectively, and αd and αe are
the parameters defined as α = q/(ηkBT), where η is the
diode, ideality factor, kBis is the Boltzmann’s constant and
T is absolute temperature.

From (2) and (3) the photogenerated current is

Iph = Id0eαd V − Id0 − I − Ir0 + Ir0eαeVint

= Id0eαd V − Id0 − I − Ir0

+ Ir0

{
[
Ie0 + Id0(e

αd V − 1) − I
]eαeV

Ie0

} αr
αe

(4)

where Ir0 is the reverse saturation current of the recombination
diode and αr is the parameter related to the ideality factor ηr .

Using the change of variable

Y = Ie0 + Id0(e
αd V − 1) − I (5)

the photogenerated current in (4) can be rewritten as

Iph = Y − Ie0 − Ir0 + Ir0

(
Y eαeV

Ie0

) αr
αe

= Y − Ie0 − Ir0 + Ir0

Iαr /αe
e0

eαr V Y αr /αe . (6)

Assuming that αr /αe is a rational number, i.e., αr /αe = m/n,
and using the following change variable:

Y = Zn. (7)

Equation (6) simplifies to

Iph = −Ie0 − Ir0 + Zn + Ir0eαr V

Iαr /αe
e0

Zm . (8)

Finally, collecting terms by letting A = Ir0eαr V /Iαr /αe
e0 and

B = Iph + Ie0 + Ir0, (8) becomes

Zn + AZm = B. (9)

Equation (9) is a polynomial in Z of degree equal to
max [m and n] that can be numerically solved in general for
any values of m and n. In general, for any values of the
ideality factors, it is possible to define an irreducible ratio
n/m = αr /αe. Then, a given n/m represents an infinite number
of possibilities for the values of αr and αe.

The polynomial indicated by (9) can be analytically solved
for Z under certain circumstances, specifically when the values
of m and n are ≤4. We show below analytical solutions of (9)
for three illustrative cases, so that the reader may appreciate
the functional form. For m = 1 and n = 1, the current is given
by

I = Ie0 + Id0
(
eαd V − 1

)

− (Iph + Ie0 + Ir0)/

(
1 + Ir0eαr V

Ie0eαr /αe

)
. (10)

Fig. 2. Layer structure of the devices (left) and chemical structure of the
materials used for the active layer and hole transport layer (right).

For n = 2 and m = 1, the current is given by

I = Ie0 + Id0(e
αd V − 1) − 1

2

(
Ir0eαr V

Ie0eαr /αe

)2

− Iph − Ir0

− Ie0 ± Ir0eαr V

Ie0eαr /αe

√
1

4

(
Ir0eαr V

Ie0eαr /αe

)2

+ Iph + Ie0 + Ir0.

(11)

For n = 1 and m = 2, the current is given by

I = Ie0 + Id0(e
αd V − 1) + 1

2

Ie0eαr /αe

Ir0eαr V

∓
√

1

4

(
Ie0eαr /αe

Ir0eαr V

)2

+ (Iph + Ie0 + Ir0)
Ie0eαr /αe

Ir0eαr V
. (12)

Higher values of m or n, up to four (i.e., 1/3, 3, 2/3, 3/2,
and 1/4, 4. . .) reproduce more complex functional forms of I
which may be obtained using known solutions of third and
fourth degree polynomials. Ratios outside the 1/4 ≤ m/n ≤ 4
range are not of practical interest because they do not describe
S-shaped kinks inside the fourth quadrant, as will be explained
in Section IV.

The significance of the proposed solution is not meaning-
fully reduced in practice by its validity limitations because its
applicability covers a wide range of possibilities. We wish
to recall that in real practical devices when an S-shape
comes into view, it usually shows up in the power producing
fourth quadrant [5], [7]–[10]. Therefore, this range of αr /αe

from 0.25 to 4 is clearly enough to describe all cases of
any practical interest. Once the polynomial (9) is analytically
solved for Z , the variable changes (7) and (5) are reverted and
a closed-form analytical expression of the terminal current is
obtained.

III. VALIDATION

The model’s solution was validated using measured
I–V data of an experimental OSC based on poly [4,8-
bis-substituted-benzo [1, 2-b:4, 5-b0] dithiophene-2, 6-diyl-
alt-4-substituted -–thieno [3, 4-b] thio- phene-2, 6-diyl]
derivative (PBDTTT-CF) and phenyl-C71-butyric-acid-methyl
Ester (PC71BM). Devices use 3, 3, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8,
8-tridecafluorooctyl phosphonic acid, and a self-assembled
monolayer (SAM) as interlayer deposited onto ITO, instead
of the widely employed PEDOT: PSS. SAMs are known to
stabilize and modify ITOs workfuncion [25].

The layer structure is shown in Fig. 2. The cell’s area
is 0.105 cm2. I–V characteristics used for the model validation
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Fig. 3. I–V characteristics of the experimental OSC described in
Section III, at different illumination intensities, showing the measured
data (symbols) and the model playbacks calculated using Mazhari’s
model analytical solution (solid lines). Inset shows the dark characteristic
in a semilog scale.

were recorded under dark and under AM 1.5 solar spectrum
illumination conditions at intensities varying from 0.1 to 1 sun.
The I–V curves used here belong to one of the devices of a
batch of 48 samples, with four devices per sample, all of which
exhibited highly reproducible results.

The first step of the parameter extraction is to fit the standard
one-diode solar cell model to the measured dark I–V curves
to get the dark diode parameters. The values extracted from
the best fit (see inset of Fig. 3) are: reverse saturation current
Id0 = 1.5 × 10−8 A and ideality factor ηd = 2.8, which is
higher than those of typical inorganic solar cells.

Although it is not uncommon to obtain high ideality factors
when modeling I–V characteristics of OSCs with Shockley-
type equations [26], it is best to exercise some caution and
regard such high values only as apparent ideality factors that
might or might not directly represent real physical phenomena.

The second step is to fit the analytical solution of the model
to the illuminated I–V characteristics. Dark diode parameters
were kept constant and equal to those obtained previously.

After many fits using different approaches, we concluded
that the S-shape does not strongly depend on the parameters
associated with the extraction diode. Rather, the S-shape is
mainly determined by Ir0.

According to this, and in order to reduce the number of
free parameters Ie0, ηe, and ηr were fixed to a value that
minimized the error. On the other hand, Ir0 and Iph are left
free to vary with illumination level. The fitting procedures
were carried out for values of m and n = 1, 2, 3, and 4
yielding the following ideality factor ratios αr/αe = 1, 1/2,
1/3, 1/4, 2, 2/3, 3, 3/2, 3/4, and 4/3. The error function used
was

∑
i [yi − f (xi )]2, where yi is the experimental current

and f (xi ) is the simulated current calculated at xi (the experi-
mental voltage). The smallest fitting error was obtained for
αr/αe = 2 for all I–V curves simulated under various
illumination levels.

Fig. 3 shows measured data (symbols) and the playback of
the closed-form equation (solid lines) that describes Mazhari’s
model, using the extracted parameter values. Fig. 3 indicates

Fig. 4. (a) Reverse saturation current and (b) photogenerated current
as functions of illumination intensity.

Fig. 5. (a) Normalized extraction and recombination currents versus
voltage at different light intensities. (b). Normalized extraction and recom-
bination currents versus light intensity at different voltages.

that there is a good agreement between experimental data
and Mazhari’s model analytical solution. The inset of Fig. 3
shows, in a semilogarithmic scale, the data (dots) and the
fit solution (solid line) under dark conditions. Parameters
obtained from the fitting procedure were ηe = 8, ηr = 4,
and Ie0 = 1.44 mA/cm2.

Fig. 4(a) and (b) shows that the parameters Ir0 and Iph
increase linearly with light intensity. Although this dependence
of parameter Ir0 might seem unexpected, the values extracted
from this OSC I–V curves led to conclude that the value of Ir0
increases with light intensity. Such result is in agreement with
those obtained by Tress et al. [27] and [28]. As these authors
suggest, an accumulation of photogenerated carriers at the
donor / HTL interface partially screens the field, resulting in a
high voltage drop at the HTL, while the field is reduced at the
donor / acceptor interface. This lowered field results in higher
recombination probability at the donor / acceptor interface,
which traduces into an increase of recombination current Ir0
with light intensity in Mazhari’s model. The rise in voltage
across the recombination diode (Vint) as Iph increases is
insufficient to accommodate such increment of Irec, forcing Ir0
to also rise with light intensity.

Fig. 5(a) shows the extraction current Ie and the recombina-
tion current Ir at different light intensities normalized to Iph.
At low voltages, extraction current reaches its maximum value
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Fig. 6. Experimental and simulated I–V characteristics at1 sun using
numerical and analytic versions of Mazhari’s model. Inset shows relative
error of analytical and numerical fits.

and thus recombination current Ie = 0. In this condition
no S-shaped kink is observed. On the other hand, at higher
voltages, the recombination current Ir reaches its maximum
and thus extraction becomes 0, resulting in a pronounced
S-shaped kink. The voltage value at which the recombination
and extraction currents become equal decreases with light
intensity from 0.52 V (at 0.1 sun) to 0.25 V (at 1 sun). Thus,
we conclude that as illumination increases, the S-shape shifts
to lower voltages.

Fig. 5(b) shows recombination and extraction currents ver-
sus light intensity at different voltages (0, 0.25, and 0.5 V).
At 0 V the extraction current dominates over the recombination
current regardless of illumination level. At 0.5 V the recom-
bination current dominates over the extraction current (except
at 0.1 sun) causing the emergence of the S-shape. At 0.25 V
the extraction current dominates over recombination current at
low light intensities, and both currents tend to the same value
at 1 sun.

The experimental characteristic measured at 1 sun was fit
both numerically and analytically to compare both solutions.
As Fig. 6 shows, both fits are practically identical. Their rel-
ative errors, shown in the inset, indicate that both approaches
provide similar accuracy.

IV. EFFECTS OF INDIVIDUAL MODEL PARAMETERS

Several simulations were carried out using the analytic
solution, proposed here, to study the influence of individual
parameters of the equivalent circuit model on the overall
S-shaped I–V characteristics. Synthetic I–V characteristics
were calculated varying one parameter at a time. Inverse satu-
ration currents were varied over several orders of magnitude,
while the ideality factors were varied only within values that
fulfill the condition n/m (for n and m ≤ 4). Fig. 7 shows
synthetic I–V characteristics for varying values of ηe, ηr , Ie0,
and Ir0, while the other parameters remain constant. Default
values used are: Ie0 = 1×10−3 A, Ir0 = 1×10−5 A, ηe = 8,
ηr = 4, and Iph = 10 mA. These results indicate that a
decreasing ηe or increasing ηr shifts the S-shaped kink location
toward higher voltage values. Similarly, an increasing Ie0 or

Fig. 7. Simulated I − V characteristics with varying parameter values
(a) Ie0, (b) Ir0, (c) ηe , and (d) ηr . Default values of parameters are
Ie0 = 1 × 10–3 A, Ir 0 = 1 × 10–5 A, ηe = 8, ηr = 4, and Iph =10 mA.

decreasing Ir0 also shifts the location of the S-shaped kink
toward higher voltage values.

A quick assessment confirms that, as expected, the S-shaped
kink tends to vanish when recombination current decreases and
becomes negligible compared to the extraction current. This
can be achieved by either increasing ηr or decreasing Ir0.

Fig. 7(c) and (d) shows that ratios of m/n beyond four
(recombination dominating over extraction) move the S-shaped
kink well into the third quadrant. On the other hand, ratios
below 0.25 (extraction dominating over recombination) cause
the S-shape to vanish.

V. COMPARISON WITH OTHER

LUMPED-CIRCUIT MODELS

The use of the presently proposed analytic solution of
Mazhari’s equivalent-circuit model’s equation, allows to easily
simulate the synthetic S-shaped I–V characteristics for phe-
nomenological analysis. We have compared different lumped-
equivalent circuits used to model S-shaped kinks in the
illuminated I–V characteristics. An I–V characteristics of the
experimental OSC measured at 1 sun illumination intensity
(the curve that exhibits a more pronounced S-shape) was fit
with: 1) Mazhari’s model; 2) de Castro et al. [8] two-diode
model; and 3) de Castro et al. [22] three diode model]. In the
last two models Rs was set to zero in order to reduce the num-
ber of fitting parameters. The fitting procedure was performed
within the voltage range from −0.2 to 0.85 V. The first two
models have seven fitting parameters while the last one has
nine parameters. The fitting errors obtained are 2.8 × 10−10,
7 × 10−10, and 8.5 × 10−13, respectively. The time elapsed to
carry out fitting was 117, 126, and 190 s, respectively, using
a laptop computer equipped with a fourth-generation Intel
Core i7-4710HQ processor. Based on these results, it appears
that Mazhari’s model produces only a slightly better fit than
the original de Castro et al. [8] model, with very similar
computational times. The tree-diode de Castro et al. [22]
model produces three orders of magnitude lower errors, but
requires two extra parameters, and the computational time is
slightly higher.
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VI. CONCLUSION

We have established that Mazhari’s three-diode lumped-
parameter equivalent circuit model for S-shaped solar cell
I–V characteristics has exact analytic solutions for several
practical cases, when the ratio between extraction and recom-
bination ideality factors is m/n with m and n ≤ 4.

We extracted Mazhari’s model parameters by directly fitting
the presently proposed analytic solution to the I–V data of an
experimental PBDTTT-CF:PC71BM-based OSC measured at
various illumination levels from dark to 1 sun. Results show
that as light intensity increases, the location of the S-shaped
kink moves to lower voltage values due to the increase
of the recombination current. Significant computational time
reduction over otherwise tedious numerical calculations is
achieved by using the analytic solution. Using trial synthetic
I–V characteristics generated with this analytical solution,
we were able to easily establish by independently varying each
model parameter, that the S-shaped kink tends to vanish when
the free charge extraction mechanism significantly dominates
over the polaron recombination phenomenon.

We finally compared Mazhari’s three-diode lumped-
equivalent circuit model to other two equivalent circuits that
are also used to model S-shaped I–V curves.
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